1 That is, the complement of the image of the embedding has at least two components. 2 The cut locus of p is the set of cut points of p along all the geodesics starting from p. A cut point of p along a geodesic ray γv with initial velocity v is the point γv(t0), where t0 is the first time after which γv([0, t]) stops being the minimizing geodesic from p to γv(t).
Introduction
It is a common topology homework exercise to prove that any embedding of an orientable n-manifold M , such as the n-sphere S n , into R n+1 is separating 1 . However, we have never seen this homework problem posed with "embedding" replaced by "immersion". At first glance it only seems to complicate the problem for no good reason. But the truth is subtle, with topological and PL immersions behaving differently from their smooth cousins. Topological and PL immersions do come up in "nature" so one cannot avoid them, and when one does not avoid them one discovers some interesting topology. This paper is about immersions of spheres but we will open with a geometry tale.
A geometry tale. One place to look for an immersion of an n-sphere is at the cut locus 2 of a point p in some closed, Riemannian manifolds M n . Not any Riemannian manifold, but those that have small diameter and small upper bound on the sectional curvatures. In such circumstances, the cut locus of p is the image of an (topological) immersion of a (n − 1)-sphere whose complement is connected. We give an short explanation of this in the next paragraph.
Recall that if the sectional curvature of M is bounded from above by some number κ > 0, then by comparing to the round sphere of radius (1/ √ κ) one deduces that the exponential map exp p at p ∈ M is a local diffeomorphism on the ball of radius (π/ √ κ). Suppose (for simplicity) that M has both the curvature and diameter ≤ 1. Then for each unit tangent vector v ∈ T p (M ), if one follows the unit-speed geodesic ray γ v starting at p in the direction of v, one reaches at
Letting v vary over the unit sphere in T p (M ) and taking into account t v , one obtains a star-shaped 3 locally flat embedding S n−1 into T p M , namely the set C := {t v v | v ∈ T 1 p (M )}, which bounds a topologically flat ball B on which the map exp p is injective. Since exp p is a local diffeomorphism on a ball of radius π, when restricted to C = ∂B = S n−1 it gives a topologically flat immersion f : S n−1 → M whose image is exactly the cut locus of p, the complement of which is exp p (int(B)), which is diffeomorphic to an open ball and thus is connected.
This was how Buser and Gromoll ( [1] ) showed that S 2 does not admit a metric with small curvature 4 and small diameter. If S 2 admits such a metric, then one could use this metric to obtain an non-separating immersion of S 1 into S 2 , which, as a consequence of the Jordan Curve Theorem, is impossible.
In the same paper, Buser and Gromoll explained how Gromov constructed metrics on S 3 with upper bounds on the curvature κ and diameters approaching zero. Closed manifolds that admit such metrics are called almost negatively curved. It is interesting that S 3 is almost negatively curved, but for our purpose this implies there is a non-separating immersion of S 2 into S 3 , in fact one with contractible image. Thus the modification of the homework problem above has a surprising answer (in topological and PL categories): It would be a "trick question". So we ask, Question. Are there PL immersions of S n−1 into R n , for each n ≥ 3, that have contractible image and in particular are non-separating? If so, how can we obtain them?
The metrics on S 3 described in [1] are obtained by modifying the round metric by installing a number of "short-cuts" that make the diameter small without changing the topology or increasing the curvature. These "short-cuts" are not at all like the worm holes of a sciencefiction, which are easy plot device installed at the expense of changing the topology. They are much more delicate in that they preserve the topology of the manifold. The resulting metrics are stranger than fiction and there is little hope in extracting an explicit immersion of S 2 from them. However, back in the 1950's, such immersions of S 2 had already been discovered, apparently by R. H. Bing.
The house that Bing built. Topologists are often introduced to the idea of a contractible, but not collapsible, complex through the example of "the house with two rooms", also called "the house that Bing built", which is the 2-complex X ⊂ R 3 as drawn in Figure 1 . This 2-complex X has a regular neighborhood N (X) that is P.L. homeomorphic to D 3 and possesses a mapping cylinder structure N (
where the map f : ∂N (X) → X is required to be a PL immersion (of S 2 ). In particular, pushing along the mapping cylinder lines yields a strong deformation retraction r t : N (X) → X, t ∈ [0, 1], with r 1 the retraction. To see the non-separating immersion f : S 2 → R 3 , imagine shrink-wrapping Figure 1 with a very flexible spherical membrane that will enter the long tubes and then stretch to fill the chambers to which the tubes lead.
In higher dimension we call an (n−1)-complex Y n−1 ⊂ int(D n ) a Bing house if its PL regular neighborhood N (Y n−1 ) is a PL n-ball. This implies the existence of a collapse D n Y n−1 and, of course, a strong deformation retract r t : N (Y ) → Y . As a consequence, N (Y n−1 ) possesses a mapping cylinder structure induced by some PL immersion f :
Difficulties in higher dimensions. When the dimension n is greater than 3, there are several ways to attempt to generalize the Bing house, but usually we found ourselves leaving the world of PL immersions and instead building more singular maps. The main difficulty of the naive approach, which will become apparent Section 3, revolves around a 2-disk of singular image points (i.e. points over which the map does not have full rank); a problem already present in dimension n = 4. The map obtained from the naive approach might look, at places, like the projection D 2 × I → D 2 , which are problematic because it is unclear how to perturb away these singularities.
Another attempt would be to look for these immersions in places in "nature" where they might show up. So let us return to the geometry tale but this time we will look in higher dimensions. It turns out that the 4-sphere is also almost negatively curved ( [2] ). But again, seeing the 3-dimensional Bing house inside seems hopelessly difficult.
The goal of this paper is to give explicit constructions of higher dimensional Bing houses and PL immersions with contractible images of (n − 1)-spheres for all n ≥ 3 .
Remark. Note that the theorem fails for n = 2, but again holds for n = 1.
A cautionary example. The suspension Σ of the Bing house does not give an immersion of S 3 since the retraction map has singularities (points not covered by an immersion) corresponding to the two cone points of Σ. This paper is organized as follows. In Section 2 we give an explicit construction of a 3dimensional Bing house. In section 3 we will describe two distinct routes to higher dimensional generalizations. One is to simply adapt the 3-dimensional construction to higher dimensions. The second is an inductive construction which yields a Y n+2 from a Y n . Given X := Y 2 and Y 3 as starting points, all dimensions n ≥ 2 are thus accounted for.
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A 3-dimensional Bing house
In this section, we give an explicit construction of a 3-dimensional Bing house Y 3 . Let us reserve X for the classic 2-dimensional Bing house drawn in Figure 1 . The deformation retraction of D 3 to X may be visualized as: "insert two balloons through the tubes and inflate."
Inverting about a point on the "middle floor" the Bing house may alternatively be rendered in S 3 as:
Our job now is to make precise a certain 3-dimensional generalization of Figure 2 which we sketch schematically in Figure 3 . Here in text is a brief description of the 3-dimensional "pieces" of Y 3 . The drawing in Figure  3 So in total we have 3 + 2 + 2 + 2 = 9 pieces, which we have labeled 1, 2, 3, 4, 5, 6 − , 6 + , 7 and 8. Each of these pieces, in its interior, will be covered 2 → 1 by the map r 1 :
That is, implicitly we will be patterning S 3 into 18 puzzle pieces which glue up (immersively) to form Y 3 . For reference, here are the pieces: Next, let us make it completely explicit where pieces 4, 5 and 7, 8 are located in S 3 × [−2, 2]. By symmetry we only need to discuss pieces 4 and 7 (tube and (disk × S 1 )), as pieces 5 and 8 are mirror images of these. CallS 3 the PL embedded copy of S 3 consisting of 
Remark. A quick check verifies that Y 3 is simply connected and has vanishing integral homology and hence is contractible.
Our next step is to build a (generically) 2 → 1 immersion of some closed 3-manifold M onto Y 3 . We will construct the source 3-manifold M piece by piece and at the end verify it is indeed a 3-sphere. It is not much extra work simultaneously describe the regular neighborhood N of 2] . What we will be verifying is that N PL ∼ = D 4 and ∂N PL ∼ = S 3 , and that for a natural mapping cylinder structure f : ∂N → Y 3 on N , f is a PL immersion.
Assembling the pieces into a 3-sphere. Kirby calculus notation for 1 ∪ 2 ∪ 6 is:
Now let us understand 4 ∪ 3 ∪ 6 − ∪ 2 ∪ 5 ∪ 8 2 (and its symmetric partner 5 ∪ 3 ∪ 6 + ∪ 1 ∪ 4 ∪ 7 2 ). The subscripts mean use two copies of 8 and 7. Notice with this convention that every piece is now used twice corresponding to the (generic) 2 → 1 nature of r 1 .
Start with 4 ∪ 3 ∪ 6 − ∪ 2. The tube 4 merely adds a collar, and 3 ∪ 6 − ∪ 2 is simply a genus 2 Heegaard decomposition of a 3-sphere S 3 with the neighborhood of two trivial circles deleted from the exterior handlebody. At the level of Kirby diagrams we have: Figure 8 .
The tube 5 effects the attachment of a trivial "round 1-handle" to S 3 (a round 1-handle in this dimension is (D 1 × D 2 , ∂D 1 × D 2 ) × S 1 ) and the two copies of 8 effects a round 2-handle attachment ((D 2 × D 1 , ∂D 2 × D 1 ) × S 1 ). Looking back at Figure 6 , observe that the regions labeled 5 and 8 constitute a (Morse canceling pair)×S 1 . That is a circle's worth of canceling critical points of index 1 and 2 (detail in Figures 8 and 9 below) . Now adding 5 yields: Figure 9 . Figure 10 .
The upshot is that both 4 ∪ 3 ∪ 6 − ∪ 2 ∪ 5 ∪ 8 2 and its symmetric partner 5 ∪ 3 ∪ 6 + ∪ 1 ∪ 4 ∪ 7 2 are 3-spheres minus the neighborhood of an unknotted simple closed curve (i.e. solid tori). Furthermore, the meridians of these two solid tori glue to the x and y longitudes of 1 ∪ 2 ∪ 6, surgering the 3-manifold represented by the central rectangle in Figure 4 ,
to S 3 . This completes the proof that the 18 pieces in fact glue up to S 3 .
PL regular neighborhood of Y 3 . We may now proceed to draw 4-dimensional Kirby diagrams for the PL regular neighborhood of the image Y 3 .
, or in Kirby calculus: Figure 11 .
We now proceed to add the remaining thickened pieces and draw the corresponding Kirby diagrams-omitting the 3-handles. Due to a theorem of Trace [5] based on work of Laudenbach and Poenaru [4] (see remark 4.4.1 of [3] for an exposition) it is not necessary to record the 3-handle attaching 2-spheres of a 4-dimensional handlebody with connected boundary in order to define the diffeomorphism type of the 4-manifold. Thus tracking only 1 and 2-handles, we get Figure 12 . The conclusion that the natural PL mapping cylinder structure on N (Y 3 ) defines a PLimmersion from S 3 = ∂N (Y 3 ) → Y 3 follows from inspection. There are three local (PL) models for a point y ∈ Y 3 . It can be (1) in the interior of a sheet, (2) at a (triple point Y ) × R 2 , or (3) (the cone on the 1-skeleton of tetrahedron)×R. Unlike at the cone points of the suspension of the Bing house, for each of these models a neighborhood of y is covered by a finite number of R n−1 -sheets (sheets of the immersion of S n−1 ). The approach via mapping cylinder lines to any such y from any complementary region is locally (PL) one-to-one in a neighborhood of y. That is, Y 3 is covered by PL immersed R 3 -charts. This completes the proof of Theorem 1 for n = 3 and 4.
To higher dimensions
Now we come to a fork in the road, and we will take both paths. One is by relabeling the pieces in Figure 3 . The other one is an inductive construction. Figure 3 . To produce Bing houses Y n−1 in D n for n ≥ 5, we can explain a straightforward relabeling of Figure 3 appropriate for the higher dimension. This is Figure  13 . The proof is parallel to what we did for n = 4 (and will not be repeated) up to the 3.2. An inductive construction. The second branch of our road to high dimensions is to give an inductive procedure for producing a Bing house Y n+2 given a Bing house Y n as starting point. Because the induction "skips over" a dimension we need both the classical X = Y 2 and the just constructed Y 3 as starting points. We explain the induction in some detail.
Relabeling
Let us define a rank-2 Bing hut as something a bit weaker than a Bing house. It will be PL complex Z n−1 ⊂ D n with a PL regular neighborhood, N (Z), PL homeomorphic to a PL n-ball D n . It is convenient to let Z n−1 ∩ ∂D n = S n−2 , the equator between hemispheres N and S of ∂D n = S n−1 . Furthermore, N (Z) must possess a mapping cylinder structure induced by a map g : ∂N (Z) ∼ = S n−1 → Z which is required to be a PL immersion on the interiorȦ of a compact co-dimension zero PL submanifold A of ∂N (Z). The closure ∂N \ A is further required to consist of finitely many PL copies of D 2 × S n−3 , and g restricted to each copy, is the projection (modulo the selection of suitable PL coordinates in domain and range) D 2 × S n−3 π 1 − → D 2 , D 2 ⊂ Z (see Figure 14 ). In other words N (Z) contains distinguished 2-handles and on these the mapping cylinder structure is the rank 2 projection. The (second) proof of Theorem 1 will be complete by combining Lemmas 2 and 3 below.
Lemma 2. For all n ≥ 3 there is a rank-2 Bing hut Z n−1 ⊂ D n . Lemma 3. If Y n−3 ⊂ D n−2 is a (n − 3)-dimensional Bing house and Z n−1 ⊂ D n an (n − 1)dimensional rank-2 Bing hut, then replacing the distinguished disks D 2 s ⊂ Z n with copies of
. The subscript "s" labels the 2-handles over which the original projection is rank-two, in our case there are precisely two such 2-handles so s ∈ {1, 2}.
Proof sketch of Lemma 2. Z n−1 is built in a few steps in Figure 15 .
One may now check that Figure 15(d) , in fact, is a rank-2 Bing hut. To aid in this checking, note two maps: the fold map f 1 : S n−1 → D n−1 takes the hemispheres N, S ⊂ S n−1 each 1-1 onto D n−1 , and the natural degree one map f 2 : S n−1 → (S n−2 × S 1 ) ∪ D 2 where D 2 attaches to * × S 1 degree one.
The north polar region N of S n−1 = ∂B n maps to the "inside" of Z n−1 essentially by f 1 | N # tube f 2 . The map to the "outside" of Z n+1 is built by rounding f 1 | S along the "ruff" S n−2 × S 1 . However, the hemisphere S will not retract to the outside of Z n−1 until the element of fundamental group generated by the tube is canceled by the disk labeled D 2 . The 2-handle of N (Z n−1 ) with D 2 as core surgers the outer boundary from (S 1 × S n−1 \ D n−1 ) to (S n−1 \ D n−1 ) ∼ = D n−1 .
Using PL coordinates to construct the two distinguished n-dim 2-handles in (N (Z n−1 ), Z n−1 ) we see that the map giving mapping cylinder coordinates to (N (Z n−1 ), Z n−1 ) has the form shown in Figure 14 . In particular, restricted to the "belt region" of the 2-handle, D 2 × S n−3 , g : S n−1 → Z assumes the form of first coordinate projection, "bent" toward the attaching region as shown in Figure 16 (with D 2 dimensionally reduced to D 1 ). The shaded boundary Figure 16 . Arrows represent the rank-2 map g. collar of the belt parametrizes (under g) the attaching region of the distinguished 2-handle.
This completes our sketch of Lemma 1.
Proof sketch of Lemma 3. We use the letter Y now also a glyph for the Bing house Y n−1 . We may now insert into the mapping cylinder structure shown in Figure 16 a copy of the (n − 2)dimensional mapping cylinder structure on (N (Y n−1 ), Y n−1 ). This is done fiber-wise over each preimage of p ∈ D 2 under the "bent" g illustrated in Figure 16 . The result is: Figure 17 .
This substitution restores the immersive property and the rank-2 hut becomes a house. In this argument it is not necessary to quote the high dimensional PL Poincare conjecture since we have constructed the collapse of D n to Y n−1 explicitly.
